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STRONG CONVERGENCE THEOREM FOR 
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Abstract. As main result we prove strong convergence theorems of 
Vilenkin-Fejer means when 0 < p < 1/2. 
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1. Introduction 


It is well-known that Vilenkin system does not form basis in the space 
Li (Gm) ■ Moreover, there is a function in the Hardy space Hi {Gm), such 
that the partial sums of / are not bounded in Li-norm. However, in Gat 
[7] the following strong convergence result was obtained for all / € Hi : 

n^cxD log n k 

k=l 


where S^f denotes the fe-th partial sum of the Vilenkin-Fourier series of 
/. (For the trigonometric analogue see in Smith [17j . for the Walsh-Paley 
system in Simon US]). Simon m (see also |23|) proved that there exists an 
absolute constant Cp, depending only on p, such that 


( 1 ) 


1 ^ WSkffp 


< Cp ll/ll 


p 

Hp > 


(0 <P < 1) 


for all / G Hp and n € P+, where [p] denotes integer part of p. In |2I] it was 
proved that sequence (0 < p < I) in © are given exactly. 

Weisz m considered the norm convergence of Fejer means of Walsh- 
Fourier series and proved the following: 

Theorem W1 (Weisz). Let p > 1/2 and / G Hp. Then there exists 
an absolute constant Cp, depending only on p, such that for all / G Hp and 
k = l,2,... 

hkfWp < Cp wjWh^ . 


The research was supported by project TAMOP-4.2.2.A-11/1/KONV-2012-0051 and 
by Shota Rustaveli National Science Foundation grant no.52/54 (Bounded operators on 
the martingale Hardy spaces). 
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Theorem W1 implies that 
1 


n 


2p- 


k=l 


k2 2p 


— Cp 




{l/2<p<oo, n = 1,2,... 


If Theorem W1 holds for 0 < p < 1/2, then we would have 
1 


( 2 ) - 
' ' logW2+>.|„^ 


(0 < p < 1/2, n = 2, 3,...). 


However, in |18| it was proved that the assumption p > 1/2 in Theorem 
W1 is essential. In particular, the following is true: 

Theorem Tl. There exists a martingale / G ^fi /2 such that 

sup \Wnf \\i /2 = +00- 

n 


For the Walsh system in m it was proved that ([2]) holds, though Theorem 
Tl is not true for 0 < p < 1/2. 

As main result we generalize inequality ([2]) for bounded Vilenkin systems. 
The results for summability of Fejer means of Walsh-Fourier series can be 
found in EiiaE], [niniiiniiiiiiisK^iii]. 


2. Definitions and Notations 

Let P+ denote the set of the positive integers, P := P+ U {0}. 

Let m := ...) denote a sequence of the positive integers not less 

than 2. 

Denote by 

■— {0; 1) ■ ■ ■ ) Ulfc 1} 

the additive group of integers modulo m^. 

Define the group Gm as the complete direct product of the group Zmj 
with the product of the discrete topologies of Zmj ’s. 

The direct product p of the measures 

Mfc ({/}):= l/"ifc [j ^ Zrm,) 

is the Haar measure on Gm with p (Gm) = 1- 

In this paper we discuss bounded Vilenkin groups only, that is 

supmri < oo. 

n 

The elements of Gm are represented by sequences 

X .— (3:0) 3:1, ... , Xfc, . . . ) ( Xk G ^rrn ,) • 

It is easy to give a base for the neighbourhood of Gm 

^0 (3:) •— Gmj 

Inix) := {y G Gm \ yo = Xo,. . . , yn -1 = Xn-l} (x G Gm, n G P) 
Denote In '■= In (0) for n G P and In '■= Gm \ In ■ 

Let 






FEJER MEANS 


3 


6n •— (0, . . . , 0, Xn — 1, 0, . . . ) G Gn 


(n G 


Denote 


/Ar(0 ,... ,0,Xk ^ 0,0,... ,0,xi ^ 0,xi+i,... ,xn-i,xn,xn+i, ■■■), 
k<l<N, 


^ ' ' In{ 0, ■ ■ ■ ,0,Xk 0,0,... ,0,XN,XN+1, ■ ■ ■), 


I = N. 


and 

(3) 


m-2 N-1 


/N-1 


U U U': 


k,N 

N 


\k=0 


\k=0l=k+l / 

If we define the so-called generalized number system based on m in the 
following way: 


Mo := 1, Mfc+i := nikMk 

then every n G P can be uniquely expressed as 


{k G P) 


n = ^njMj, 

i=o 

where Uj G Zmj (j G P) and only a finite number of nj^s differ from zero. 
Let |n| := max {j G P; nj ^ 0}. 

For n = SiMm, where ni > n 2 > ■ ■ ■ > rir >0 and 1 < Si < mm for 
all 1 < i < r we denote 

A.0,2 = ■^ u G P : n = Mq + M2 + ^ SiMm • 

The norm (or quasi-norm) of the space Lp{Gm) is defined by 




\f{x)f diJ,{x] 


i/p 


(0 < p < 00 ) 


The space {Gm) consists of all measurable functions / for which 


II/IIlp,oo := supAV{/ > A} < -hoo. 

Next, we introduce on Gm an orthonormal system which is called the 
Vilenkin system. 

At first define the complex valued function (x) : Gm C, the general¬ 
ized Rademacher functions as 

Tfc (x) := exp (27rzxfc/mfc) (z^ = -1, x G Gm, A: G P) . 

It is known that 

rrin-l 

(x) = 

k=0 



(4) 


— 0; 
7^ 0, 
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Now define the Vilenkin system if) := {ipn : re € P) on Gm as: 


'ipn ■= (x) (re G P). 

k=0 


Specially, we call this system the Walsh-Paley one if rre = 2. 

The Vilenkin system is orthonormal and complete in L 2 {Gm) [Tl I24|. 

Now we introduce analogues of the usual definitions in Fourier-analysis. 
If / G Li {Gm) we can establish the the Fourier coefficients, the partial sums 
of the Fourier series, the Fejer means, the Dirichlet and Fejer kernels with 
respect to the Vilenkin system in the usual manner: 


Recall that 

(5) 

and 


f{n) : 

= / f^ndF, 
JGm 

n —1 

(re G P+) 

Snf ■■ 

= '^f{k)'(pk, 

k=0 

(re G P+), 

CTnf ■■ 

n 

re 

k=l 

n —1 

(re G P+), 

Dn ■■ 

II 

IM 

(re G P+) 

Kn : 

= -y^Pk, 

(re G P+). 


k=l 


DUr, {x) 


ilP^, if 37 G In’, 
0, if X ^ In, 


( 6 ) 


m-j — l 


Dn (x) = V'n {x) ^ Bmj {x) ^ 


P 


j=0 


p=mj —rij 


It is well-known that 


(7) 


sup / \Kn (x)| dfl (x) < c < 00 . 

n JGm 


The u-algebra generated by the intervals {In (x) : x G Gm} will be denoted 
by Fn (re G P). Denote by / = (/(”^) , re G P) a martingale with respect to 
Fn {n £ P) (for details see e.g. |25|i. The maximal function of a martingale 
/ is defined by 


r 



ngP 
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In case / € Li{Gm)-, then it is easy to show that the sequence (5 m„ (/) : n G 
is a martingale. Moreover, the maximal functions are also be given by 

f* (x) = sup [ f{u)n (u) 

nSP Nn JI^[x) 

For 0 < p < oo the Hardy martingale spaces Hp {Gm) consist of all 
martingales for which 

WIWhj, ■= \\f*\\p < oo- 

If / = , n G P) is martingale then the Vilenkin-Fourier coefficients 

must be defined in a slightly different manner: 

f (i) := lim [ (x) V'i (x) dfi (x). 

The Vilenkin-Fourier coefficients of / G Ti (Gm) are the same as those of 
the martingale (Smu (/) : R G P) obtained from /. 

A bounded measurable function a is p-atom, if there exist a dyadic interval 
I, such that 

Jadn = 0, \\a\\^ < , supp (a) C I. 


3. Formulation of Main Result 

Theorem 1. Let 0 < p < 1/2. Then there exists an absolute constant 
Cp > 0, depending only on p, such that for all f G Hp and n = 2,3,... 


_i .. ..p 

log[i/2+p] ~ ^ ’ 


where [x] denotes integer part of x. 
Corollary 1. Let f G Ffi/ 2 - Then 

1 y^hkf-fWyl 

log n ^ k 
k=l 

Theorem 2. Let 0 < p < 1/2 and : 


0, as n ^ oo. 


[1, oo) is any nondecreasing 


function, satisfying the conditions (n) 'I' oo and 


(8) lim = oo. 

n-j-oo <1> (n) 

Then there exists a martingale f G Hp, such that 



6 


I. BLAHOTA AND G. TEPHNADZE 


4. Auxiliary Propositions 

Lemma 1. [26] (see also ^ martingale f = € P) is in Hp (0 < p < 1) 

if and only if there exist a sequence {ak,k G P) of p-atoms and a sequence 
(Hk, € P) of a real numbers such that for every n € P 


(9) X] h'kSMr.ak = 

k=0 

OO 

< OO. 

k=0 

Moreover, ^ inf > where the infimum is taken over all 

decomposition of / of the form ([9]). 

Lemma 2. |6| Let n > t, t,n G P, x G It\ h+i- Then 


KMr, (x) 


0, if X - xtet ^ In, 

ifx-xtetG4. 


Lemma 3. [HI [20| Let x G I^\ k = 0,..., N — 2, I = k + 1,..., N — 1. 
Then 


f \j^ ( u u\ ^ cMiMk 

/ \Knix-t)\dn{t) <—, 
Jin 

Let X G I^^, k = 0,..., N — 1. Then 

f \Kn{x-t)\d^^{t) 

JIn 


when n > M^- 


when n > Mjv- 


Lemma 4. Let n = where ni > n 2 > ■ ■ ■ > Ur > 0 and 

1 < Sj < mm for all 1 < i < r as well as = n — Y2i=i where 

0 < < r. Then 

r /k-l \ r-l /k-1 \ 

n^n = ^ n SuMn.Ks^M^^ + E n • 

fc=l \j=l ) k=l \j=l ) 

Proof. It is easy to see that if/c,s,nGP, 0 < k < Mn, then 

sMn-\-k—l k—1 

T>k + sMr^ = T>sMr, + E ^ ^sMr, + E = DgMr, + 

i=sMn i=0 
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With help of this fact we get 




nKn = '^Dk= Dk+ ^ Dk 

k=S\Mn^ +1 


k=l 


k=l 


,(i) 


^ ^ Pk+siMn 


k=l 

«,(l) 


— SlMn^Ks^Mr.^ + ^ {DsiMr,^ + rfi\Dk) 

k=l 

= siMn,Ks,M„, 

If we unfold in similar way, we have 

= S2Mn2Ks^M^ +n(2)Z)^2M„2 + K^(2), 


so 


nKn = SiMn,Ks^Mr,.,+rn\S2Mn2Ks2M„2+rn\rZn^‘^^K^ 


( 2 ) 


Using this method with n^^^i^^( 2 ),... ^)iir^(r-i), we obtain 


r I k—1 

nKn = X] I ^kMn^Ks^Mn^ + | fj I 

k=l \j=l 


(r) 


vi=i 


r-1 / k-1 

+E n 

k=l \j=l 




According to = 0 it yields the statement of the Lemma 4. 
Lemma 5. [2] Let s,n E P. Then 

s-l s-l 


DsMr, = Dm„ ^ i’kMr, = Dm„ ^ Tn- 


k=0 


k=0 


□ 


Lemma 6. Let s,f, n E N, n > t, s < nin, x E It\It+i- If x — xtet fz In, 
then 


KsMn{x) = 0. 
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Proof. In [6] G. Gat proved similar statement to KM„ix) = 0. We will nse 
his method. Let x € Using ([5]) and (jh]) we have 

sMn sMn (—1 

sM^iKsMn (^) — ^ ^ ^ ^ 

k=l k=l \J'=0 i=mt—kt 

sMn t—1 sMn mt — 1 

= ^ r\{x) 

k=l J=0 k=l i=mt—kt 

= Ji + J 2 . 

Let fe := X;"=o Applying (g]) we get YTt=o = 0) for ^ ^ ItVt+i- 

It follows that 


mo-l mt-i-lmt+i-1 — l s-1 

E- E E - E E 

/ cq —0 kf —^—0 kf-if-i —0 kji —^—0 kji —0 

On the other hand 


/ 




Hu'(a;) 


1=0 


\¥t 


t-i 


mt — l 

j=0 kt=0 


= 0 . 


mo-l mt-i-lmt+i-1 s-1 

= E^^^ E E E E 

/cq— 0 1—0 ^t+i—0 k-n—i —0 kn —0 




1=0 
\ij^t 

kt — l 


kt — 1 

Mt Y 

i=0 


n-1 I nii-l \ ® ‘ 

= n Z] Y Y 

Z=0 \ki=0 ) \kp=0 ) i=0 

Since x — xtet ^ In, at least one of ^e zero, if I = p ^ t 


and 0 < p < n — 1, that is J 2 = 0. 


□ 


5. Proof of the Theorems 

Proof of Theorem 1. By Lemma 1, the proof of Theorem 1 will be 
complete, if we show that with a constant Cp 


1 iPkO-Wp ^ ^ r _ ^ o ^ 

log[i/2+p] fe2-2p -Cp<oo {n-2,3,...). 

for every p-atom a, where [1/2 + p] denotes the integers part of 1/2 +p. We 
may assnme that a be an arbitrary p-atom with snpport I, p (/) = and 
I = /at. It is easy to see that (T„ (a) = 0, when n < Mjy. Therefore we can 
snppose that n > Mjy. 

Let X (z In- Since (T„ is bonnded from L^q to L^q (the boundedness follows 
from ([7])) and ||a||j,^ < we obtain 



amd (x)l^ dp (x) < c ||a||^ /Mn < Cp < 00 , 


0 <p< 1/2. 
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Hence 


( 10 ) 


1 ” 

/2+pl ^ 


fj \ama {x)\P (x) 


log[V2+p] 2p 


< 


_^_V- 

log[V2+p] n^^rn 


l2-2p - 


< Cr, < OO. 


It is easy to show that 


< a 


(Pma{x)\< / \a{t)\\Kmix - t)\dfi{t) 

J Iff 

I \Km (x - t)\diJ, (t) < cMU^ f \Kmi 

J Im J Im 


Let X € 0 < k < I < N. Then from Lemma 3 we get 


( 11 ) 


\crma{x)\ < 




m 


Let X € Q < k < N. Then from Lemma 3 we have 


( 12 ) 


\crraa{x)\ < cM^mU^ \ 


Since 


N-2 

< iVl^/ 2 +p]^ for 0 < p < 1/2 

fc=0 


t)\dn {t). 
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by combining ([3]) and (Illlll2jl we obtain 

(13) [_\ama {x)\^ dfi (x) 

JIn 


iN 

N-2 N-l 


rtij-i 


k,l 


S S 

k=0l=k+lxj=0,j&{l+l,...,N-l} 

Af-1 


\ama{x)\^ dll {x) 


iV —i « 

7^_n 

m^+i... misi-i {MiMkf m]~^ —^ 


fc =0 
N-2 N-l 

s -EE 

k=0 l=k-\-l 


k=0 


Mm 


mP 


< 


cM 


\—pN—2 N 


{MiMkY 

^ Ml 

fc=0 ^ 


N 


■EE 


mP ^ ^ Ml 
k=0 l=k-\-l 


cMlpP^^ 1 ^ mI-p ^Ml 

■ zZ ,^i-2p zJ ,^1-P + ^ 

fc=0 ^ 


mP ^ M, 

k=0 k l=k+l I 


< 


cM^"^ Ar[V2+p] 

mP 


It is easy to show that 


+ Cr, 


ft 

— o — ^ foi' 0 < p < 1/2. 

Z^ fy{2-p P 


m=Miv+l ^ 

By applying ([lO]) and (11311 we get 


1 


■E 


(Tm CL 


< 


log[^/2+Pl n m‘^~‘^P 

1 A l7^Wma{x)\P diiix) 


log[i/2+p] 


+ 


1 

log[i/2+p] 


fpi2-2p 

fi lama(x)lPdii (x) 


m 


2-2p 


< 


< 


1 


E 


log[V2+p] 

CpM^"PlV[V2+p] 


logI^/2+p] 


E 


'cpM^"^Ar[V2+p] 

m?~P 

1 


+ 


m 


2-p 


+ Cj) 


m2“P n m2“P 

' m=Mjv+l 


m=Al'jv+l 

which completes the proof of Theorem 1. 


E 


+ 


< Cp < oo. 
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Proof of Theorem 2. Under condition 
increasing numbers {n^ : A: > 0}, such that 


there exists a sequence of 


cn 


2-2p 




= oo. 


It is evident that for every rik there exists a positive integer such that 
M\Xk\+i <nk< M|Afc|+2 < AM|„^|+i, 
where A = sup„ mn- Since $ (n) is a nondecreasing function we have 


(14) 


M, 


lim 


2-2p 

Ufcl+1 


cn, 

> lim ^ 


2-2p 


= OO. 


(^M^Xk\ + l) k^oo^{nk) 

Applying (fl^ there exists a sequence {ok '■ A; > 0} C {Afc : A; > 0} such 


that 

(15) 

(16) 
and 
(17) 

Let 

where 

and 


\c(k\ > 2, for A: € P, 


lim 


M, 


i-p 

Wk\ 


«>'''" (V|.,l+l) 


= OO 




p=0 


M, 


i-p 

\»v\ 


la,, I 


p=0 


;1-P 

|a,,|+l 


/a ^ ^ 

{k: |afe|<A} 


Afc — A 


I-''"" {V|«l+l) 


M, 


i/p-i 

|afc| 


M, 


nk 


i/p-i 

|afcl 


A 


where A := sup„gpmn. Since 


SjMnC^k = 


and 


(Dm\ 

1+1 - Dm, I) 

\ rfc 


/ 

\oik\ < n, 

1 o> 

\oik\ > n, 


supp(afc) = 





no < 

oo — |ofe| 


if we apply Lemma 1 and (I17p we conclude that / G Hp. 
It is easy to show that 


(supp Ofc) 


-i/p 
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(18) 


fiJ) 


, if j € ..., — 1 } , /c —0,1,2, 

00 

0, if j ^ U ^|afe|+l-l}- 

k=0 

By using (1181) we can write that 

(19) 


M, 


= —+ — E Sjf = i+ii. 


“fc • 


r=i 


\°‘k\ ^ Ctk 

Oik 

It is simple to show that 

S' f = / (^|aol+i) > if < j ^ fi^laol+i 

I 0, ifO<j<M|„„|. 

Suppose that M|q,^| < j < M|q,^|_|_]^, for some s = 1,2, ...,A:. Then by 


applying (fT8l) we have that 

Ml 

( 20 ) 


l“s-l| j-1 

v= E /(u)u;^ + E 

v=0 u=M|„^|+l 


s-1 ^ 


i-1 


E E + E 

TJ=0 i;=M|^^| t;=M|„^|+l 


1 l_L1 —1 


j-1 


^ ^ $‘»(VK|+i)u.„ + 4.'-'2t.(M|„,|+i) ^ 




ri=0 v=M\ 




''^ = A^|as|+l 


S-1 


(“l»,l + l) (0"|.,|« - ®M|..|)("l«.l + l) («, - Om,.., 


77 = 0 


Let M|q,^|_|_i < j < for some s = l,2,...,k. Analogously to 


we get that 



^Icsl + l 


(21) S,f = 

E 

II 


11=0 


Let X € 

= (a;o 

= 1, Xl = 


r)=0 


fi I,, — Dm, I 
l“’7l + l Ft?! 


Km„ (x) = Dm„ (x) = 0, for n > 2 


(22) 
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from (I15jl and (I20p - ([2T]) we obtain that 


k-l 


Ml 


(23) 




?7=0 


v=M\ 1+1 


^ k—1 

= - E (^)) = «■ 

77=0 

By applying (1201) . when s = k in II we get that 


(24) II = ^('^'"‘1 x; (M|«.l+i) (o«|.,|« - D«|.. 


“fe 






By using (I22p we have that 


(25) //i = 0, for X € 

Let a/c G Ao ,2 and x € Since a/c — G Ao ,2 and 

when i < M|„,| 

By combining ([5]) Lemmas 4 and 6 we obtain that 


(26) |/72| = 




afc 


i=i 


(V|o.l + l) 

CXfc 

Oik 


ak-M\ 


l“fcl 


+ (^) 

i=i 


(cKfc (x) 


|AfoiLMol > 


afc 


Let 0 < p < 1/2, n G Ao ,2 and M|qj.| < n < M|q,^|_|_i. By combining 
P19II26D we have that 
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kn/ll 


r > 

^p,oo 






I// 2 I > — ^ 


ak 


> 


c $‘/2 


al 






> 


“kI+1 


By using (I16p we get that 

kn/llj 


E- 

n=l 


IIP 


(n) 


> 


^n/lll 


(n) 


> 


> 




cM, 


1-P 

l«fcl 


Theorem 2 is proved. 


E 

{neAo,2: M|„^|<n<M|„^|+i} 

{nGAo,2: |<n<M|^^ } 1“'='+^ 

oo, when A: —> oo. 
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